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Chapter 1

Data.PcSets

1.1 Introduction

1.1.1 The Module Export List

{− |
The ba s i c module f o r working wi th Pi tch Class Se t s o f a l l k inds ,
i n c l u d i n g Tone Rows . The broades t da ta t ype s ( ’ GenSet ’ and ’GenRow’ )
can model any equa l temperament system ; the s tandard da ta t ype s
( ’ StdSet ’ and ’StdRow ’ ) model /12 Tone Equal Temperament/ (12−TET) .

−}
module Data . PcSets

(
−− ∗ Clas se s

PcSet (modulus , elements ,pMap)
, S e l e c t i v e ( complement )
, I n c l u s i v e ( r e c o n c i l e )
−− ∗ Types
−− ∗∗ S e l e c t i v e ( Se t s )
, GenSet
, StdSet
−− ∗∗ I n c l u s i v e (Rows)
, GenRow
, StdRow
−− ∗ Construc tors
−− ∗∗ S e l e c t i v e ( Se t s )
, genset
, s t d s e t
−− ∗∗ I n c l u s i v e (Rows)
, genrow
, stdrow
−− ∗ General Operat ions ( A l l Se t s )
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−− ∗∗ Transformations
, transpose
, i n v e r t
, invertXY
, zero
−− ∗∗ Permutations
, r e t r og rade
, r o t a t e
−− ∗ S e l e c t i v e Set Operat ions
−− ∗∗ Sy s t ema t i c a l l y Equ i va l en t Forms
, sort
, normal
, reduced
, prime
−− ∗∗ Sca lar Quan t i t i e s
, c a r d i n a l i t y
, binaryValue
−− ∗∗ Vector Quan t i t i e s
, avec
, cvec
, i v e c
−− ∗ I n c l u s i v e Set (Tone Row) Operat ions
, rowP
, rowR
, rowI
, rowRI

)
where

1.1.2 The Module Import List

import quali f ied Data . List (nub , sort , sortBy , elemIndices )

1.2 Classes

1.2.1 PcSet

{− |
The broades t c l a s s o f Pi tch Class Set . A l l members o f t h i s c l a s s
have a ’modulus ’ which r e s t r i c t s t h e i r ’ e lements ’ in some way . They
a l s o have ’pMap ’ , a method f o r l i f t i n g i n t e g e r l i s t f unc t i on s to ac t
on s e t e lements . The ’modulus ’ corresponds to the under l y ing system
of e q u i v a l e n t p i t c h c l a s s e s , f o r example , 12−TET = modulus 12.

−}
class PcSet a where
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−− | Determines the range o f p o s s i b l e ’ e lements ’ o f the se t ,
−− from 0 to (m−1). I f m = 0 , the s e t can only be empty .
modulus : : a −> Int
−− | Returns the e lements o f the s e t as a l i s t .
e lements : : a −> [ Int ]
−− | Maps an i n t e g e r l i s t f unc t i on across the members o f the se t ,
−− and re turns the r e s u l t s in a new s e t o f the same type .
pMap : : ( [ Int ] −> [ Int ] ) −> a −> a

1.2.2 Selective PcSets (Pitch Class Sets)

{− |
S e l e c t i v e Pi tch Class Se t s can have ’ e lements ’ in a range o f va l u e s
permi t t ed by t h e i r ’modulus ’ . They can have as few as 0 ( the empty
s e t ) or as many as a l l . The s e t ’ complement ’ opera t ion only makes
sense f o r ’ S e l e c t i v e ’ s e t s .

−}
class PcSet a => S e l e c t i v e a where
−− | Returns a new PcSet which i s the complement o f the o r i g i n a l :
−− i t con ta ins a l l the ’ e lements ’ which the o r i g i n a l does not .
complement : : a −> a

1.2.3 Inclusive PcSets (Tone Rows)

{− |
I n c l u s i v e Pi tch Class Sets , or Tone Rows , have a l l the p o s s i b l e
’ e lements ’ permi t t ed by t h e i r ’modulus ’ . The most important
c h a r a c t e r i s t i c o f a Tone Row i s not i t s ’ e lements ’ , but the
/ order ing / o f i t s ’ e lements ’ .

−}
class PcSet a => I n c l u s i v e a where
−− | Transposes the ’ e lements ’ o f a Tone Row so t ha t the f i r s t
−− element i s /n/ .
r e c o n c i l e : : Int −> a −> a
r e c o n c i l e n ps = transpose r ps

where
f i r s tE l ement = head . e lements $ ps
r = n − f i r s tE l ement

1.3 Types

1.3.1 GenSet: General Pitch Class Sets
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{− |
General Pi tch Class Set . This r ep r e s en t s a Pi tch Class Set t h a t
can have a ’modulus ’ o f any p o s i t i v e i n t e g e r va lue , r ep r e s en t i n g
the number o f e q u i v a l e n t p i t c h c l a s s e s in a g iven system ; f o r
example , 19−TET would be a modulus 19 s e t . The members o f a the
s e t can be as few as zero and as many as a l l p o s s i b l e va l u e s .

−}
data GenSet = GenSet Int [ Int ]

deriving (Eq,Ord ,Show)

text

instance PcSet GenSet where
modulus (GenSet m ) = m
elements (GenSet es ) = es
pMap f (GenSet m es ) = genset m . f $ es

text

instance S e l e c t i v e GenSet where
complement (GenSet 0 ) = GenSet 0 [ ]
complement (GenSet m es ) = GenSet m cs

where cs = f i l t e r ( ‘notElem ‘ e s ) [ 0 . . (m−1)]

1.3.2 StdSet: Standard Pitch Class Sets

{− |
Standard Pi tch Class Set . This r ep r e s en t s the t r a d i t i o n a l
d e f i n i t i o n o f a p i t c h c l a s s se t , based on 12−TET, wi th the
p i t c h c l a s s e s numbered C = 0 , C#/Db = 1 , D = 2 , and so on
up to B = 11. This s e t can have anywhere from zero to 12
members ( the empty s e t vs . the chromatic s c a l e ) .

−}
data StdSet = StdSet [ Int ]

deriving (Eq,Ord ,Show)

text

instance PcSet StdSet where
modulus ( StdSet ) = 12
elements ( StdSet es ) = es
pMap f ( StdSet es ) = s td s e t . f $ es

text

instance S e l e c t i v e StdSet where
complement ( StdSet es ) = StdSet cs

where cs = f i l t e r ( ‘notElem ‘ e s ) [ 0 . . 1 1 ]
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1.3.3 GenRow: General Tone Rows

{− |
General Tone Row. A /Tone Row/ i s a c o l l e c t i o n o f a l l p o s s i b l e
Pi tch Class Set ’ e lements ’ w i th in a g iven ’modulus ’ . Since i t
con ta ins a l l e lements , the s i g n i f i c a n t in format ion in t h i s type
o f s e t i s the order ing o f the ’ e lements ’ . This s e t a lways has
a l en g t h equa l to i t s ’modulus ’ .

−}
data GenRow = GenRow [ Int ]

deriving (Eq,Ord ,Show)

text

instance PcSet GenRow where
modulus (GenRow es ) = length es
e lements (GenRow es ) = es
pMap f (GenRow es ) = genrow ( length es ) . f $ es

text

instance I n c l u s i v e GenRow

1.3.4 StdRow: Standard Tone Rows

{− |
Standard Tone Row. This i s the t r a d i t i o n a l Tone Row, a c o l l e c t i o n
o f a l l t he e lements @[ 0 . . 1 1 ]@, based on 12−TET. As wi th ’GenRow’ ,
the most s i g n i f i c a n t in format ion in t h i s type o f s e t i s the order ing
o f the e lements . Since t h i s i s a lways a complete se t , t h i s s e t
a lways has a l en g t h o f 12 .

−}
data StdRow = StdRow [ Int ]

deriving (Eq,Ord ,Show)

text

instance PcSet StdRow where
modulus (StdRow ) = 12
elements (StdRow es ) = es
pMap f (StdRow es ) = stdrow . f $ es

text

instance I n c l u s i v e StdRow
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1.4 Constructors

1.4.1 genset

{− |
Constructor f o r General Pi tch Class Se t s . This cons t ruc t o r accep t s
any @Int@ va lue f o r ’modulus ’ , and any @[ In t ]@ va l u e s f o r an input
l i s t . Zero ’modulus ’ a lways re turns an empty s e t ; a nega t i v e ’modulus ’
i s a lways taken as p o s i t i v e ( s ince the number r ep re s en t the / a b s o l u t e /
s i z e o f the e qu i va l enc e c l a s s ) .

−}
genset : : Int −> [ Int ] −> GenSet
genset 0 = GenSet 0 [ ]
genset m in es = GenSet m ( f es )

where
m = abs m in
f = Data . List .nub . map ( ‘mod‘ m)

1.4.2 stdset

{− |
Constructor f o r Standard Pi tch Class Se t s . This cons t ruc t o r accep t s
any @[ In t ]@ va l u e s f o r e lements . The ’modulus ’ i s a lways 12 (12−TET) .

−}
s t d s e t : : [ Int ] −> StdSet
s t d s e t es = StdSet ps

where ps = elements $ genset 12 es

1.4.3 genrow

{− |
Constructor f o r General Tone Rows . This cons t ruc t o r accep t s any @Int@
va lue f o r ’modulus ’ , and any @[ In t ]@ va l u e s f o r an input l i s t . Zero
’modulus ’ a lways re tu rns an empty s e t ; a nega t i v e ’modulus ’ i s a lways
taken as p o s i t i v e ( see ’GenSet ’ ) . I f the input l i s t o f ’ e lements ’ i s
incomplete , the remaining ’ e lements ’ are f i l l e d in at the end , in order .

−}
genrow : : Int −> [ Int ] −> GenRow
genrow m es = GenRow ( os ++ cs )

where
ps = genset m es
os = elements ps
cs = elements $ complement ps
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1.4.4 stdrow

{− |
Constructor f o r Standard Tone Rows . This cons t ruc t o r accep t s any @[ In t ]@
va l u e s f o r an input l i s t . The ’modulus ’ i s a lways 12 (12−TET) . I f the
input l i s t o f ’ e lements ’ i s incomplete , the remaining ’ e lements ’ are f i l l e d
in at the end , in order .

−}
stdrow : : [ Int ] −> StdRow
stdrow es = StdRow t s

where t s = elements $ genrow 12 es

1.5 General Operations (All Sets)

1.5.1 Transformations

1.5.1.1 transpose

−− | Returns a new ’ PcSet ’ which i s the o r i g i n a l t ransposed by /n/ .
transpose : : PcSet a => Int −> a −> a
transpose = pMap . map . (+)

1.5.1.2 invert

{− |
Returns a new ’ PcSet ’ which i s the / standard inv e r s e / o f the o r i g i n a l ,
t h a t i s , about an ax i s con ta in ing p i t c h c l a s s 0 .

−}
i n v e r t : : PcSet a => a −> a
i nv e r t ps = pMap (map (m −)) ps

where m = modulus ps

1.5.1.3 invertXY

{− |
Inver s i on around an ax i s s p e c i f i e d by p i t c h c l a s s e s /x/ and /y / .
This i n v e r t s the s e t in such a way t ha t /x/ becomes /y/ and /y/
becomes /x / .

−}
invertXY : : PcSet a => Int −> Int −> a −> a
invertXY x y = transpose ( x + y) . i nv e r t
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1.5.1.4 zero

{− |
Returns a new ’ PcSet ’ in which the e lements have been transposed
so t ha t the f i r s t e lement i s zero .

−}
zero : : PcSet a => a −> a
zero ps = transpose (−n) ps

where n = head . e lements $ ps

1.5.2 Permutations

1.5.2.1 retrograde

−− | Returns a new ’ PcSet ’ wi th the e lements o f the o r i g i n a l r e ve r s ed .
r e t r og rade : : PcSet a => a −> a
r e t r og rade = pMap reverse

1.5.2.2 rotate

−− | Returns a new ’ PcSet ’ wi th the e lements s h i f t e d /n/ p l a c e s to the l e f t .
r o t a t e : : PcSet a => Int −> a −> a
ro t a t e n ps = pMap nSh i f t ps

where
nSh i f t = take sameLength . drop o f f s e t . cycle
sameLength = ( length . e lements ) ps
o f f s e t = n ‘mod‘ sameLength

1.6 Selective Set Operations

1.6.1 Systematically Equivalent Forms

1.6.1.1 sort

{− |
Returns a ’ S e l e c t i v e ’ ’ PcSet ’ in which the e lements o f the o r i g i n a l
have been so r t ed in ascending order . (Note t h i s i s r e s t r i c t e d to Sets ,
as s o r t i n g a Tone Row produces on ly an ascending chromatic s c a l e . )

−}
sort : : ( PcSet a , S e l e c t i v e a ) => a −> a
sort = pMap Data . List . sort
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1.6.1.2 normal

{− |
Returns a ’ S e l e c t i v e ’ ’ PcSet ’ in which the e lements o f the o r i g i n a l have
been put in t o /normal form /. This can be de f ined as an ascending order
in which the e lements f i t i n t o the sma l l e s t o v e r a l l i n t e r v a l . In the event
o f a t i e , the arrangement wi th the c l o s e s t l e f twa r d pack ing i s chosen .

−}
normal : : ( PcSet a , S e l e c t i v e a ) => a −> a
normal = nform . bestPack . pcsArrangements

1.6.1.3 reduced

{− |
Returns a ’ S e l e c t i v e ’ ’ PcSet ’ in which the e lements o f the o r i g i n a l
have been put in t o / reduced form /. This can be though t o f as the
’ normal ’ form , t ransposed so t ha t the f i r s t e lement s t a r t s on ’ zero ’ .

−}
reduced : : ( PcSet a , S e l e c t i v e a ) => a −> a
reduced = rform . bestPack . pcsArrangements

1.6.1.4 prime

{− |
Returns a ’ S e l e c t i v e ’ ’ PcSet ’ in which the e lements o f the o r i g i n a l
have been put in t o /prime form /. A prime form i s a b l e to genera te
a l l the members o f i t s s e t f ami l y through the some combination o f the
opera t i ons ’ transpose ’ , ’ i nve r t ’ , and s imple permutat ion .

−}
prime : : ( PcSet a , S e l e c t i v e a ) => a −> a
prime ps = i f i v a l < o va l then i n v e r s i o n else o r i g i n a l

where
o r i g i n a l = reduced ps
i nv e r s i o n = reduced $ i nv e r t ps
o va l = binaryValue o r i g i n a l
i v a l = binaryValue i nv e r s i o n

1.6.2 Scalar Quantities

1.6.2.1 cardinality

−− | Returns the number o f e lements in a ’ S e l e c t i v e ’ ’ PcSet ’ .
c a r d i n a l i t y : : ( PcSet a , S e l e c t i v e a ) => a −> Int
c a r d i n a l i t y = length . e lements

11



1.6.2.2 binaryValue

{− |
Binary Value . For a g iven ’ S e l e c t i v e ’ ’ PcSet ’ , t h i s r e tu rns a
/unique / number r e l a t i n g to the e lements o f the s e t −− a measure
o f the ” l e f twa r d pack ing ” o f the so r t ed s e t ( o v e r a l l c l o s en e s s
o f each element to zero ) .

−}
binaryValue : : ( PcSet a , S e l e c t i v e a ) => a −> Integer
binaryValue = sum . map (2 ˆ) . e lements

1.6.3 Vector Quantities

1.6.3.1 avec

{− |
Ascending Vector . I f the e lements o f a ’ S e l e c t i v e ’ ’ PcSet ’ are
taken to be in s t r i c t l y ascending order , the ascending vec t o r i s
the i n t e r v a l d i f f e r e n c e between each element .

−}
avec : : ( PcSet a , S e l e c t i v e a ) => a −> [ Int ]
avec ps = map ( ‘mod‘ m) $ zipWith (−) r s os

where
m = modulus ps
os = elements ps
r s = elements . r o t a t e 1 $ ps

1.6.3.2 cvec

{− |
Common Tone Vector : f i n d s the number o f common tones f o r each p o s s i b l e
va lue o f /n/ in the opera t ion ’ transpose ’ /n/ . ’ inve r t ’ . Returns a l i s t
where e lement 0 i s the number o f common tones wi th /n/=0, e lement 1 i s
wi th /n/=1, and so on .

−}
cvec : : ( PcSet a , S e l e c t i v e a ) => a −> [ Int ]
cvec ps = count . concatMap f $ es

where
m = modulus ps
es = elements ps
count cs = map (\n −>

length (Data . List . elemIndices n cs ) ) [ 0 . . (m−1)]
f x = map (\y −> ( x + y) ‘mod‘ m) es
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1.6.3.3 ivec

{− |
I n t e r v a l Vector . Each element o f the i n t e r v a l v e c t o r r ep r e s en t s
the number o f i n t e r v a l s in the s e t f o r t ha t p a r t i c u l a r i n t e r v a l
c l a s s . Element 0 measures the number o f 1− i n t e r v a l l e ap s ;
e lement 1 measures the number o f 2− i n t e r v a l l eaps , and so on ,
up to h a l f o f the modulus /m/.

−}
i v e c : : ( PcSet a , S e l e c t i v e a ) => a −> [ Int ]
i v e c ps = i f m == 0 then [ ]

else pivotguard . s pa c e f o l d . count . i n t e r v a l s . e lements $ ps
where

m = modulus ps
−− p i vo t guard : compensates f o r even l i s t s , where the l a r g e s t p o s s i b l e
−− i n t e r v a l i s equa l to i t s i n v e r s e ( and the reby counted twice , here ) .
pivotguard es = i f odd m then es

else in i t es ++ [ last es ‘div ‘ 2 ]
−− s p a c e f o l d : wraps i n t e r v a l l i s t to i n t e r v a l c l a s s e s
spa c e f o l d = take (m ‘div ‘ 2) . f l ipSum
fl ipSum es = zipWith (+) es ( reverse es )
−− count : counts each occurrence o f each p o s s i b l e d i f f
count i v s = map ( g i v s ) [ 1 . . (m−1)]
g i v s n = length (Data . List . elemIndices n i v s )
−− i n t e r v a l s : r e tu rns r e cu r s i v e l i s t o f d i f f s
i n t e r v a l s [ ] = [ ]
i n t e r v a l s ( e : e s ) = d i f f s e es ++ i n t e r v a l s es
−− d i f f s : i n t e r v a l d i f f e r e n c e between p i t c h e s
d i f f s = map . f
f a b = (b − a ) ‘mod‘ m

1.7 Inclusive Set (Tone Row) Operations

1.7.1 Permutation-Transformations

1.7.1.1 rowP

{− |
Returns a new Tone Row in which the e lements are /Prograde/
( in t h e i r o r i g i n a l order ) and transposed so t ha t the f i r s t
e lement i s /n/ .

−}
rowP : : ( PcSet a , I n c l u s i v e a ) => Int −> a −> a
rowP = r e c o n c i l e
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1.7.1.2 rowR

{− |
Returns a new Tone Row in which the e lements are /Retrograde /
( reve r s ed compared to t h e i r o r i g i n a l order ) and transposed so
t ha t the f i r s t e lement i s /n/ .

−}
rowR : : ( PcSet a , I n c l u s i v e a ) => Int −> a −> a
rowR = ( . r e t r og rade ) . r e c o n c i l e

1.7.1.3 rowI

{− |
Returns a new Tone Row in which the e lements have been / Inve r t ed /
( see ’ inve r t ’ ) and transposed so t ha t the f i r s t e lement i s /n/ .

−}
rowI : : ( PcSet a , I n c l u s i v e a ) => Int −> a −> a
rowI = ( . i nv e r t ) . r e c o n c i l e

1.7.1.4 rowRI

{− |
Returns a new Tone Row in which the e lements are both /Retrograde /
and / Inve r t ed / , and transposed so t ha t the f i r s t e lement i s /n/ .

−}
rowRI : : ( PcSet a , I n c l u s i v e a ) => Int −> a −> a
rowRI = ( . ( i nv e r t . r e t r og rade ) ) . r e c o n c i l e

1.8 Not Exported

1.8.1 Related to Normal, Reduced, and Prime

data ( PcSet a , S e l e c t i v e a ) => Candidate a = Candidate
{

idx : : Integer ,
nform : : a ,
rform : : a

}

i n t e rv i ew : : ( PcSet a , S e l e c t i v e a ) => a −> Candidate a
in t e rv i ew ps = Candidate
{

idx = binaryValue zs ,

14



nform = ps ,
rform = zs

}
where zs = zero ps

sortFunct ion : : ( PcSet a , S e l e c t i v e a ) =>
Candidate a −> Candidate a −> Ordering

sor tFunct ion a b = compare ( idx a ) ( idx b)

bestPack : : ( PcSet a , S e l e c t i v e a ) => [ a ] −> Candidate a
bestPack a r r s = head (Data . List . sortBy sor tFunct ion cand idates )

where cand idate s = [ in t e rv i ew ps | ps <− a r r s ]

pcsArrangements : : ( PcSet a , S e l e c t i v e a ) => a −> [ a ]
pcsArrangements ps = i f n == 0

then [ ps ] −− only one p o s s i b l e arrangement f o r noth ing .
else take n $ iterate f ( sort ps )
where

n = c a r d i n a l i t y ps
f = ro t a t e 1
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Chapter 2

Data.PcSets.Catalog

text

module Data . PcSets . Catalog where

text

t e s t : : Int
t e s t = 0

final
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Chapter 3

Data.PcSets.Compact

text

module Data . PcSets . Compact where

text

t e s t : : Int
t e s t = 0

final
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Chapter 4

Data.PcSets.Notes

text

module Data . PcSets . Notes where

text

t e s t : : Int
t e s t = 0

final
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Chapter 5

Data.PcSets.Svg

text

module Data . PcSets . Svg where

text

t e s t : : Int
t e s t = 0

final
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